Abstract. Let f (x) = x 5 +ax 3 +bx 2 +cx ∈ Z[x] and consider the hypersurface of degree five given by the equation
Introduction
In this paper we are interested in the problem of the existence of integer and rational points on the hypersurface given by the equation
where f ∈ Q[X] and deg f = 5. Moreover, we assume that for each pair a, b ∈ Q\{0} we have f (ax + b) = cx 5 + d for any c, d ∈ Q. This assumption guarantees that V f is an affine algebraic variety of dimension three. The set of rational points on V f we denote by V f (Q). In other words V f (Q) = {(p, q, r, s) ∈ Q 4 : f (p) + f (q) = f (r) + f (s)}.
Similarly, by V f (Z) we denote the set of integer points on V f , so V f (Z) = V f (Q)∩Z 4 . We will say that the point P = (p, q, r, s) ∈ V f is non-trivial if {p, q} ∩ {r, s} = ∅ and {f (p), f (q)} ∩ {f (r), f (s)} = ∅. By T f we will be denoted the set of trivial rational points on V f . Let us note that each singular point is trivial and that the number of all singular points (rational or not) is finite. In the sequel by rational point we will understand non-trivial rational point.
The problem of the existence of integer points on the hypersurface V f was investigated in the interesting work of Browning [1] . In this work it was shown that
for each ǫ > 0. Here M (f ; B) is the number of solutions (p, q, r, s) of the equation which define V f and with such a property that 0 < p, q, r, s ≤ B and {p, q}∩{r, s} = ∅. From the above estimation we can see that the set of positive integer points on V f is rather "thin". According to the best Author knowledge we do not know any example of a polynomial f of degree five with such a property that the set V f (Z) \ T f is infinite. Moreover, we are unable to find in the existing literature of subject any example of a polynomial f of degree five which gives a positive answer to the following:
It is clear that the question concerning the existence of a polynomial f of degree five with such a property that the set V f (Q) is infinite should be easier. So, it is natural to state the following: Question 1.2. For which polynomials f of degree five the set V f (Q) is infinite?
It seems that these questions have not been considered earlier. It is also clear that in the case of Question 1.2 we can consider polynomials of the form f (X) = X 5 + aX 3 + bX 2 + cX only, where a, b, c ∈ Z and at least one among the numbers a, b, c is nonzero. We will see that if b = 0 then the diophantine equation f (p)+f (q) = f (r)+ f (s) has rational two parametric solution (Theorem 2.1). In geometrical terms this means that the there is a rational surface contained in V f . From this result we can deduce easily that the answer for the Question 1.1 is positive. Moreover, we will prove that for any polynomial f of degree five there exists Q(i)-rational surface contained in V f (Theorem 3.1).
Construction of rational points on the V f
Let f ∈ Q[X] and suppose that deg f = 5. In this section we will show how we can construct parametric solutions of the equation which define the hypersurface
Because we are interested in rational solutions, so without loss of generality we can assume that f (X) = X 5 + aX 3 + bX 2 + cX, a, b, c ∈ Z and at least one among the numbers a, b, c is nonzero.
Our aim is the proof of the following theorem.
, where b = 0 and consider the hypersurface V f . Then, there exists Q-unirational elliptic surface
Proof. In the equation which define V f we make (non-invertible) change of variables given by
The result of this substitution is the following
where G(x, y, z) = 2b + 3ay + 5x 2 y − 5xy 2 + 5y 3 − 5y 2 z + 5yz 2 . From the geometric point of view the substitution we have used can be understood as the cross section of the hypersurface V f with the hyperplane L given by the equation L : p+q = r +s (the system of equations (1) give the parametrization of L).
Let us note that the equation G(x, y, z) = 0 has a solution in rational numbers if and only if the discriminant of the polynomial G in respect to z is a square of a rational number, say v. So, we are interested in the construction of rational points on the surface S : v 2 = −5y(15y 3 + 20xy(x − y) + 12ay + 8b) =: ∆(x, y).
If we make a change of variables (x, y, w) = − 5b(t + 1) X + 5a , − 10b X + 5a , 20bY (X + 5a) 2 , with the inverse (X, t, Y ) = − 5(2b + ay) y , 2x − y y , 5bw y 2 the surface S is transformed to the form
Let us note that the surface E is of degree three and contains rational curve at infinity [X : Y : t : Z] = [0 : 1 : t : 0]. So we can invoke Segre theorem which says that the surface of degree three with a rational point is unirational. In other words there is a rational function
For convenience of the reader we will show how the function Φ can be constructed.
We use the method of indetermined coefficients in order to find two-parametric solution of F (X, Y, t) = 0. Let u, v be parameters and let us put
We want to find p, q, r, s, T ∈ Q(u, v) with such a property that the equation F (X, Y, t) = 0 is satisfied identicaly. For the quantities given by (2) we have
where
Let us notice that the system of equations a 2 = a 3 = a 4 = a 5 = 0 has exactly one solution in Q(u, v) given by
We can see that if p, q, r, s are given by (3) then
and deg T F = 1. So this polynomial has a root in the field Q(u, v) of the form
where p, q, r, s are given by (3) . Putting the calculated values p, q, r, s, T to the equations (2) we get the solutions dependent on two parameters u, v we are looking for.
Remark 2.2. It should be noted that the same method was used by Whitehead [6] in order to give the proof of unirationality of the surface z 2 = h(x, y), where h ∈ Q(x, y) is polynomial of degree three. This proof can be also found in [4, p. 85] .
From the above theorem we can prove easily that the answer for the Question 1.1 is positive. Proof. Let b = 0 and consider the polynomial f (X) = X 5 + aX 3 + bX 2 + cX. From the previous theorem we know that in this case the diophantine equation f (p) + f (q) = f (r) + f (s) has infinitely many solutions in rational numbers. Let us take N various rational solutions of our equation, say (p i /p
we have the points (dp i /p
. . , N , which are triplets of integers.
The above corollary give us a positive answer for the Question 1.1, but we see that if N is growing then the coefficients of the polynomial F are growing too. So, we can state the following:
with such a property that at least one non-zero coefficient a, b, c is independent of N and for the set of integer points on the hypersurface
As we will see, the answer on this question is positive too. Before we show how we can do that lets go back to the Question 1.2 in the case when f is of the form f (X) = X 5 + aX 3 + cX. Unfortunately, we are unable to prove theorem similar to the Theorem 2.1 in this case. However we can prove the following:
Proof. For the proof we put
For p, q, r, s defined in this way we have
625 .
First three factors in the above identities lead to the trivial solutions of our equation. So, we can see that the quantities given by (4) lead to the nontrivial solution of the equation f (p) + f (q) = f (r) + f (s), if and only if x 2 + 2y 2 + 3z 2 + 5a = 0. In particular it must be a < 0. As we know, local to global principle of Hasse is true for diophantine equations of degree two. It means that the diophantine equation x 2 + 2y 2 + 3z 2 + 5a = 0 has solution in rational numbers if and only if it has solutions in the field of p-adic numbers Q p for any given p ∈ P ∪ {∞}, where as usual Q ∞ = R.
In the theorem below we find the well known algorithm of the solvability of the diophantine equation of the form a 1 X
. Here (·|·) is an usual symbol of Legendre.
In order to finish the proof of our theorem we apply the above procedure to the quadratic form X . We must consider four cases dependent on the values of GCD(a, 6). Because this reasoning is very simple we leave it to the reader.
Example 2.7. Let f (X) = X 5 − X 3 + cX and consider the equation f (p) + f (q) = f (r) + f (s). We will show how we can use the previous theorem in practice.
We consider the equation ( * ) x 2 + 2y 2 + 3z 2 − 5 = 0. This equation has a rational solution (x, y, z) = (0, 1, 1). Let us put x = uT, y = vT + 1, z = T + 1 and next solve the equation (uT ) 2 + 2(vT + 1) 2 + 3(T + 1) 2 − 5 = 0 in respect to T . After some necessary simplifications we get parametrization of rational solutions of the equation ( * ) in the form
Using the parametrization we have obtained we get the solution of the equation
Using the method of proof of the Theorem 3.1 we will show the following: Proof. This is a simple consequence of the fact that for any number N we can find a negative number a N such that the equation x 2 + 2y 2 + 3z 2 = −5a N has at least N solutions in positive integers x, y, z all divisible by 5. In order to prove this let us put g N = N k=1 (k 2 + 2) and a N = −(5g N ) 2 . Next, we define
for k = 1, 2, . . . , N. Note that the numbers x k , y k , z k are integers and are divisible by 5. Due to the fact that 2k + 3
where c is an integer number. From your reasoning we can see that on the hypersurface V fN there is at last N integer points given by
for k = 1, 2, . . . , N and number c is independent of N .
Results of this section suggest the following:
Conjecture 2.9. Let f (x) = x 5 + ax 3 + cx, where a, c ∈ Z not both zero and consider the hypersurface V f . Then the set V f (Q) \ T f is infinite.
Construction of Q(i)-rational points on V f
In this section we will consider the problem of the construction of Q(i)-rational points on the hypersurface V f .
Let us go back to the equation of the surface S from the proof of the Theorem 2.1 and let us note that for the degree of the polynomial ∆ we have deg x ∆ = 2. Now we look on S as on a curve defined over field Q(i)(y), where i 2 + 1 = 0. It is easy to see that S is a rational curve. Indeed, on the curve S there is a Q(i)(y)-rational point [x : v : w] = [i : 10y : 0] (it is a point at infinity). Putting x = ip, w = 10yp + u and solving the obtained equation according to p we get the parametrization of our curve given by
Using the above parametrization we can find two-parametric solution of the equation defining V f in the form
We sum up the above discussion concerning the existence of Q(i)-rational points on V f in the following:
Let us note that in the above quantities for p, q, r, s the number c does not appear explicitly and that obtained solution is non-trivial for any choice of a, b, c ∈ Z. If we put a = b = c = 0, then we get a parametric solution (defined over Q(i)
Probably this solution is well known but we cannot find it in the literature of subject. We should note that this solution can be used in the construction of a parametric solution (defined over Z[i]) of the diophantine equation
where n is a given positive integer. Indeed, it is easy to see that the diophantine equation u 2 + 75v 2 = X n has a parametric solution given by the solution of the system of equations
. It is clear that the solutions u, v, X lead to the polynomial solution of the equation
Possible generalizations of the results
In this section we consider natural generalizations of the equation defining the hypersurface V f which has been considered in the previous paragraphs.
First natural generalization which came to mind is considering the following hypersurface
. It is clear that in order to find rational points on the V F, G we can assume that a, b, . . . , e ∈ Z.
As we will see it is possible to show that for given F, G satisfied the above conditions the hypersurface V F, G contain elliptic surface defined over Q. In order to show this let us define
For p, q, r, s defined in this way we get
where H(U, V, t) = i+j≤3 a i, j U i V j and (6)
Let us note that we can look on the surface S F, G : H(U, V, t) = 0 as on the cubic curve defined over the field Q(t). This has a Q(t)-rational point P = (U, V ) = (1, 0). So, we can look on P as on the point at infinity and transform birationaly S F, G onto the elliptic surface E F, G with the Weierstrass equation of the form
where a i are certain polynomials in Z[t] depending on the coefficients of polynomials F, G.
Although it is possible to give exact values of polynomials a i we do not give them here due to the fact that they are rather huge polynomials. Instead we give some numerical results concerning the existence of rational points on the hypersurface V F, G , where F (x) = x 5 + cx, G(x) = x 5 + f x and c = f . In this case the surface S F, G takes the form
If we make a change of variables
with the inverse
the surface S F, G is transformed to the form
Unfortunately, we are unable to show that for any pair of integers c, f it is possible to find a rational number t = t(c, f ) with such a property that the elliptic curve E t :
(which is a specialization of surface E F, G in t) has a positive rank. However, we check that if D = |c − f | ≤ 10 3 then there exists specialization of E F, G with positive rank. In the Table below we give values for t in the case D ≤ 100.
Our computations suggest the following Conjecture 4.1. Let c, f ∈ Z and c = f and let us consider the elliptic surface E :
Then the set S = {t ∈ Q : curve E t is an elliptic curve and has a positive rank} is nonempty.
We firmly believe that the following conjecture is also true. 
where a i,j are given by (6) . Then the set S = {t ∈ Q : curve E t is an elliptic curve and has a positive rank} is nonempty.
Second generalization which came to mind is considering the following hypersurface
where f is a symmetric quintic polynomial (i.e. f (x, y) = f (y, x)), so a polynomial of the form As we will see it is quite easy task to show that on the V f there is in general infinitely many Q(i)-rational points. In order to prove this we use the substitution given by (5) and get a quadratic curve, say C, defined over Q(t) with Q(i)-rational points and thus Q(i)-rational curve.
Using now substitution given by (5) In order to construct Q(i)-rational points on V f we must consider the quadratic C : G(U, V, t) = 0. Note that G(i, 0, t) = 0, so we can use standard method to parametrize Q(i)-rational points on C and in general we get two parametric solution of the equation G(U, V, t) = 0. This implies the existence of two parametric solution of the equation defining the hypersurface V f . It is clear that this method cannot be used always. Indeed, if b 2,0 ≡ 0 ∈ Z[t] then the equation G(U, V, t) = 0 is reduced to the equation b 0,2 = 0 which has at most three solutions in Q(i). However, if b 2,0 = 0 for some t then the curve C is nontrivial and we can apply our method in order to construct Q(i)-rational points on V f . This suggests the following
